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1. Introduction

This note is inspired by the discussion in sec-
tion 3 of ref [1]. This reference discusses measur-
ing Im(\;) by observing K¢ — K, interference in
the K° time evolution. This note is an attempt
to expand on this section a bit. I attempt here
to derive the relevant equations. Using toy sim-
ulations and a fitter, I estimate the number of
nY%ete events needed to extract Im()\;) to 10%.
I also point out a curious case for which one can-
not extract Im(\;). Let:

as = < mleelH|Kg >=|ag|e’?s
ap = <nlee|H|Ky >= |ap|e'®*
las|?> = T(Ks)BR(Ks — m’ee)
lag|? = T(Kp)BR(Kj — n°ee)
From ref [2]:
BR(Kp — 7°ee) - 10'% =
15.3(A%) — 6.8 A5Im(\;) + 2.8Tm?(\;) (1)

where Im()\;) is given in units of 107%, and the
CPC term has been safely ignored.
From the NA48 Kg — 7lee discovery [3]:

BR(Kg — mYee) = (A%)5.2-107°
Ag = +1.0615:3% £0.07 (2)

For a pure K° (K0) initial state, the time evolu-
tion is:
IKO(t) >~ |[Kg > e ™15 4 |Kp > e e EL
IKO(t) >~ |Kg > e ™55 _ Ky > e Mt m
where tg = Kg lifetime and t;, = K, lifetime.

The number of 7¥ee events per unit propertime
(t) versus propertime is:

~ |age Tmst=t/(2ts) | g gmimet—t/(2t1) 2

Similarly, for a pure KO initial state:

dN —imgt—t
o |geeTimst=t/(2ts)
" les
Note that the K, — Kg interference for pure K°
and KO initial state differs by a minus sign. So
for the case of neutral kaons produced by protons
on target, where the initial kaon state is not gen-
erally tagged, the interference amplitude will be
reduced by the dilution factor D.

N(K°) — N(K9)

_ aLe—imLt—t/(QtL) |2

~ N(K°) + N(K%)
D is the dilution factor, which depends on certain
parameters of the secondary beam. For demon-
stration, I will use a (reasonable) value of D = 0.3.
Then doing some algebra, including the dilution:

dN
WY sl +
—t(tg+tr)
QDMCOS((’ITLL —mg)t+ ds — dr)e Zsi

las|

+ |aL|26—t/tL) (3)
las|?
So the idea is that by observing the time-
evolution of dN/dt, one can extract |ar|/|as],
which can ultimately be related to Im(\;) by
equations 1 and 2.

We must also include the K; — eeyy back-
ground, which adds incoherently to equation 3.
The Kg — eevyy is negligible. I shall assume an
effective BR(K — eeyy ) = 10719 after cuts.
This is about the value achieved by the KTeV

K — 7mYe search.
Let |az|?> = T(KL)BR(KL — eeyy) and
dN
— (K1 — eeyy) = lag(eeyy)Pe™"/' (4)

dt



Combining equations 3 and 4 and simplifying
some terms:
dN
dt
2DVR - cos(Am + Ag)etsHtn)/(tste) 4
(R + Reeyy)e™/™ (5)

~e s 4

where D=0.3 (dilution factor), Am = mp —msg,
A¢p = ¢s — ¢, =57° [4], and

I I
R = [15.3— 681 | o g mh) o (6)
As AS
_1ots 1
qo-2ks
O sz 100
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Reery = 107105

tr, A%5.2-10-9

A plot of equation 5 is shown in figure 1 for prop-
ertimes between 6 and 16 tg. At earlier tg, the
resolution on Im(\;) is worse. Figure 2 shows the
rate for various values of Im(\;).

2. Fit Result

I simulate an experiment by randomly sam-
pling the parent distribution of equation 5, and
fit to the result. The fit is done for 2 parameters:
the amplitude of the cosine term and the over-
all normalization. This is the best case scenario,
in which the dilution and eeyvy have been deter-
mined through other methods and therefore are
fixed in the fit. Figure 3 shows a typical fit and
error on Im(\;). The minimization package is the
CERN Minuit package interfaced to PAW.

Two interesting features are noteworthy. First,
my fit systematically biases Im(\;). See table 1
for the fit results. By disabling the statistical
fluctuations or by increasing the sample size, I
recover the proper input value of Im(A;). So I
attribute this bias to finite statistics.

The second feature is the extraction of Im(\;)
from R, which is a solution to the quadratic equa-
tion of 6. R is the parameter fitted from equation
5. Again, Im();) is understood to be in units of
1074
R Im(Ay) Im(A¢) o

=[15.3-6.8 s A5 )]

f
_1ots 1
—qo-2ls 1
! 0 tr, 5.2-1079 (7)

+2.8(

[ 7 8 9 10 1 12 13 14 15 16

Total pi0ee rate (pure KO0 initial State)

Figure 1. Number of events versus propertime t
in units of tg. The pure fast exponential is the
Kg decay component. The two nearly horizontal
lines are the pure K decays into 7°ee and eeyry.
The bottom most curve is the interference term.
The top curve is the combined.

For certain values of Im()\;)/Ag, the interference
term and the direct CPV term cancel exactly.
This seems to be purely coincidental in that the
coefficients to the quadratic happens to conspire
that way.

The uncertainty of Im(\;) is:
dR —6.8 Im(\)

+ 5.6
f | As A%

So for Im(A¢)/As = 1.2, there is almost no reso-
lution on Im(A¢). The current SM-preferred value
is Im(A;)=1.3. So for purely accidental reasons,
if Ag = 1.06, we will have a very poor resolution
on Im(A).

A similar problem is seen in solving equation

7. Solving for Tm(A¢):

=_— - —68+4/6.82—-4-28-(15.3— —
Ag 5.6 \/ ( f)

For Im(A¢)/Ag = 6.8/5.6, the term in the square



Figure 2. dN /dt versus t in units of tg for Im()\;)
=41.3-10"% and 0.

root vanishes exactly. So statistical fluctuations
in R can return a non-physical Im(A;)/Ag. Again,
this seems purely coincidental.

In this case of Im(\;)/As = 1.2, we will have
to appeal to a Bayesian-like statistical analysis to
determine the most likely value for Im(\;)/Ag.
For the rest of the document, I will use Ag =
—1.06, Im(A)=1.3, thereby avoiding this region.

Table 1 lists the fit results, where I've used
Ag = —1.06, Im(\)=1.3, D=0.3.

Table 1

Fit results for Ag = —1.06, Im(\)=1.3, and for
neutral kaons from a target with dilution D=0.3.
N is the sample size between 6 and 16 tg.

N Fitted Im(\;) Resolution on Im()\;)
25-10% 097 0.22
100 - 10%  1.22 0.10
400-10% 1.28 0.05
10° 1.29 0.03
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Figure 3. Upper plot shows a typical fit to an
experiment with 25000 events. Lower plots shows
the extracted Im()\;) for 1000 such experiments.
Both plots are for the dilution D = 1, and the
input Im(\;) = 1.3-107%, Ag = —1.06.

3. Flux Estimate for the Case of Target
Neutral Kaons

I can now estimate roughly the required num-
ber of "protons on target” (p.o.t). To good ap-
proximation, we need to observe about 10° decays
to mee and using only events at least 6 ¢, from
the target. Assume a detection efficiency of 5%
and BR(Kg — n%e) = 5.8-107°.

Assume a proton energy of 120 GeV and beam
targetting angle of 24 mrad. From Rick Cole-
man’s program [5], 10*? (p.o.t.) yields 8.1 - 10°
Kg produced at the target. Consider the extreme
case where the fiducial volume starts at the tar-
get, and the decay volume length is sufficiently
long that the geometrical acceptance is 100% for
all Kg. In this extreme case, all decays greater
than 6 tg are used. From Rick Coleman’s pro-



gram, 102 (p.o.t.) yields 1.9 - 10* usable Kg.

N(p.ot.) = 10'2 - 10°
PO/~ BR(Ks — n0ee) - (0.05) - 1.9 - 104

=1.8-10%2

In practice, the detector volume must start at
some minimum distance from the target. I shall
take a wild guess of 10 meters ! If we wish to
consider only kaons that have lived 6 tg or less
when they arrive at the detector volume, then
these kaons have a minimum momentum FP,,;,, of:

Prin = (10m - Mkctg) /6 = 31 GeV

With this requirement, 10'? p.o.t. yields 1.4 -
10% usable K. The required N(p.o.t.) becomes
2.4 - 10?3, This requirement could be lessened
somewhat, as kaons below P,,;, still contain some
usable information.

4. Coherently Regenerated Kg

In this section, I explore the case of coherently
regenerated Kg, for example, generated by a K,
beam on a target. The initial state is pKg + Ky,
where p = |plexp(i¢,) is the regeneration ampli-
tude. Equations 5 and 6 becomes:

% ~ exp(—t/tg) +

2V Reos(Am + Aqﬁ)exp(%) +
str

(R+ Reew)exp( —t/tr)

where Am = mp —mg, Ap = ¢, + ¢p5 — ¢ =
45° + 57°. And:

Im(A Im(A
R=1[153-6.8 m(h) +2.8( m( t))2] (8)
AS AS
_12ts 1
10 12> -
1521079 - [p|?
10ts 1

Reery = 107

tr, A25.2-1079 - [p[?

To get the best resolution on R, the optimal value
for |p| is when R = 1. For As = —1.06 and
Im()A:) = 1.3, the optimal is |p|=0.032. This
is reasonably near existing devices such as the
KTeV regenerator, for which |p|=0.04. Figure 4
shows dN/dt for case of regenerated Kg. In this

Decay Rale versus H(taus) from Regeneralor

Figure 4. dN/dt versus t in units of tg for coher-
ently regenerated Kg. Simulation uses |p| = 0.04
and ¢, = 45°. The pure fast exponential is the
Kg decay component. The two nearly horizontal
lines are the pure K decays to eeyy and mlee.
The bottom most curve is the interference term.
The top curve is the combined.

case, the statistical power lies in events with small
propertimes. The fit results for coherently pro-
duced K is shown in table 2. So for N = 400-103,

Table 2

Fit results for Ag = —1.06, Im(A\)=1.3, and for
lp| = 0.032 and ¢, = 45°. N is the sample size
between 0 and 10 tg.

N Fitted Im(A;) Resolution on Im(\;)
25-10%  0.94 0.34
100-10%  1.21 0.17
400-10°  1.28 0.08
10° 1.29 0.06

we get a 10% resolution on Im(\;).



5. Flux Estimate for the Case of Regener-
ated Kg

I can now estimate the required number of
protons on target for the case of regenerated
Kg. To good approximation, we need to observe
N =400 - 103 7%e decays to have a 10% resolu-
tion on Im(\;). Assume a 5% efficiency, and the
detector volume starts 90 meters from the pri-
mary target, from which K are produced. As-
sume that the regenerator target is at the start
of the detector volume.

From the NA48 result:

BR(Ks — 1ee) =5.8-107°

To produce this many Kg coherently, the number
of K, incident on the regenerator is:

N(Ky) = 4-10°
Y7 BR(Ks — m¢e) - 0.05 - |p|2

=1.3-10" (9)

Assume proton energy of 120 GeV and beam tar-
getting of 24 mrad. From Rick Coleman’s pro-
gram, 102 p.o.t. yields 5.1 -10°K at 90 meters
from the primary target.

1012.1.3-10'8

5.1-106
=925-10%

N(p.o.t.) =
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